COOPERATION IN A DYNAMIC NETWORK

Abstract

We study the scope for cooperation in an evolving network. Under endogenous
dynamics, cooperation leads to a growing neighborhood of long-term productive rela-
tionships, while defection exploits ephemeral relationships resulting in social marginal-
ization. We characterize a class of simple stationary equilibria in which, even as players
become patient, the coexistence of cooperation and defection naturally arises. This cap-
tures the observation that many social networks are characterized by a high, though
not universal, level of cooperation. Low levels of cooperation can be sustained only

through exclusivity among cooperating agents.
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1 Introduction

Many social interactions and economic transactions are mediated through large evolving
networks. The size of these systems and the transient nature of both individual membership
and interpersonal relationships often confer a measure of anonymity to participants as they
form new connections. In online contexts, there are technological aspects that reinforce
anonymity, in that it is typically easy for a participant to create a new identity and thereby
mimic a new entrant. In these settings, the scope for punishing uncooperative behavior and,
hence, for sustaining efficient outcomes, is potentially limited. Nevertheless, many systems
that are largely anonymous and in which agents change partners over time are characterized
by a high, though less than universal, level of cooperation. We find that such an outcome
can be explained as equilibrium behavior under a simple network formation process.

In our model, agents enter the system over time and have finite lives. All strategic in-

teractions are bilateral and described by a prisoners’ dilemma. A random matching process



presents agents with opportunities to form new relationshipsﬂ In every period, each agent
chooses a behavior, cooperation or defection, and receives the sum of payoffs from the corre-
sponding stage games with each of its current partners. After every period, each agent has
the opportunity to sever any of its relationships.

Consider, for example, an online community in which agents seek partners with whom to
profitably interact, such as for trading goods or engaging in joint production. At any point
in time, agents can choose to conduct honest business (cooperate) or to cheat their partners
for a gain (defect). A key feature of such platforms is anonymity: individuals typically have
little information about the past behavior of their new partners. The discretion to sever a
relationship thus plays a critical role in sustaining cooperation. It provides the only viable
punishment mechanism in these anonymous settings, since defectors can easily abandon their
identity and avoid future sanctions. As a result, the threat of link severance becomes the
primary tool by which agents discipline opportunistic behaviorﬂ

These dynamics are common to a variety of real-world settings. For instance, in decen-
tralized online marketplaces such as eBay or Amazon Marketplace, buyers and sellers form
an inherently bipartite network in which interactions strictly occur across two distinct groups
(buyers and sellers). Sellers face a tradeoff between cooperation—delivering quality goods at
fair prices—and defection—misrepresenting products, selling counterfeits, or offering inferior
quality to boost profit margins. While some formal reputation mechanisms exist, these can
often be circumvented through identity resets or the creation of new accounts. Participants
thus operate under substantial anonymity, with cooperation incentivized by the potential
for repeat business and positive reviews, and defection deterred by the threat of severed ties
and lost future sales.

By contrast, the academic research community forms a non-bipartite network, as re-
searchers freely choose collaborators from within a single group. Cooperation in this setting
entails high effort towards the collective project, while defection involves shirking, free-riding,
or disproportionately exploiting coauthors’ efforts. Although the resulting research is public,
the collaborative process remains largely opaque, with reputational consequences for defec-
tion often informal and diffuse. Nevertheless, the principal disciplining mechanism remains

relational: defecting on one project may lead to exclusion from future collaborations while

1Jackson and Watts| [2010] define and study social games that change equilibrium outcomes by permitting
players to choose with whom they interact. This produces very different insights than our work, since here
players are matched through a random process. Dall’Asta et al.| [2012] identify collaborative equilibria as a
function of the social network that describes interactions.

2Because the defecting agent has the option of severing the relationship, one cannot threaten contingent
play that reduces the defecting agent’s continuation payoff from the relationship below its outside option.



cooperating may result in future opportunities. In both cases, cooperation is sustained pri-
marily through the ability to selectively retain productive partnerships and sever exploitative
relationships. While our model is formalized explicitly for peer-to-peer (non-bipartite) en-
vironments, we expect its main results to naturally extend to bipartite contexts as long as
agents retain discretion over forming and severing partnerships.

Interestingly, there is now a growing pool of empirical studies that demonstrate the
power of the incentives that derive from agents’ discretion to initiate and sever relationships.
Riedl and Ule| [2002] provide empirical evidence from laboratory experiments that the ability
to endogenously determine one’s partners increases observed cooperation levels in repeated
prisoner’s dilemma interactions. |Wang et al.| [2012] show in an online experiment that
cooperation is improved both by granting players the ability to avoid recent defectors and
by punishing defectors through severance. Blackburn et al.| [2012] show that cheaters in an
online game are punished by an increased rate of losing partners, leading to more cooperation.
These effects constitute crucial elements of the model we study.

There are three essential properties of the network process that drive our results. First,
in order to induce strategic dependence across relationships, we assume that each agent
takes the same action with each of his neighbors at any given time. In some applications,
technological constraints limit an agent’s ability to behave differently with different part-
ners, or the chosen action may represent a general characteristic of an agent that is not
relationship-specific. This is the case if, for example, an agent must invest in a quality for
each period and use that quality for each transaction.ﬁ Further, if one introduces even a
small amount of local information flow across the network, such that a defection with one
partner is observed by the agent’s other partners, then there will exist equilibria with the
behavior that we describe here, even if there are no restrictions on the profile of actions an
individual chooses at a given moment in time/]

The second property is that it takes (valuable) time to search for partners with whom
to form profitable relationships. In an environment characterized by anonymity and the
ability to sever relationships, this is generally a necessary feature to provide any possibility of

cooperative behavior. Since defection can be punished only by the severance of relationships,

3The common action approach is taken by most papers studying games on networks. See, e.g., Galeotti
et al.| [2010].

%One could view this construction as an implementation of “local community enforcement” along network
connections, in the spirit of Kandori| [1992] and [Ellison| [1994]. |Ali and Miller| [2013] is an important example
in which individuals can take different actions with different partners, subject to imperfect monitoring
across relationships. They show that community enforcement can still sustain cooperation through strategic
communication.



in order for this punishment to bite, it must be that future relationships are sacrificed as a
result of defecting.

In light of this observation, our mechanism for sustaining cooperation can be interpreted
as a particular implementation of the notion of social capital or, more specifically, network
capital, here taken to mean an agent’s accumulated local network of cooperative partners.E]
Indeed, the notion that cooperative behavior is determined in large part by social pressures
has been studied at length in the sociology literature, including, for example, |[Krackhardt
[1996]. In our setting, the reason to cooperate comes from the fact that, through cooperation,
one can gradually build up a large social network consisting of other cooperating agents.

The third property is that there is a limit to the number of relationships that an agent
can maintain. In combination with the first property, this implies that a cooperator expe-
riences decreasing marginal payoffs in the aggregate level of cooperation. This concavity
is important because it creates the possibility that cooperating and defecting agents will
co-exist in equilibrium. In fact, the coexistence result obtains for a wide range of parameters
and we view it as having descriptive value.

The constraint on the number of relationships also has strategic importance in that it
forces an agent to trade off the continuation value of each relationship against the outside
option of initiating a new relationship. The value of the outside option is dictated by the
aggregate system dynamics, and so provides a link between overall behavior in society and
the incentives that govern behavior in a particular relationship.

Because of this strategic effect, our work is related to a branch of literature that studies
repeated bilateral interactions when relationships can be endogenously terminated. The
central idea in this literature is that the threat of severance disciplines behavior because
being re-matched entails a cost. The cost can come in many forms, such as being cast into
a matching market with frictions, as in the pioneering work of [Shapiro and Stiglitz [1984],
having to start a new relationship that requires a specific investment Ramey and Watson
[2001], or having to start with small stakes in a new relationship [Watson| [1999} 2002] | New
relationships may also entail a phase of gradual trust building, as in |Ghosh and Ray, [1996]
and Datta [1993], or the payment of a bond, as in Kranton [1996][] Recent experimental
work in this domain includes [Fujiwara-Greve et al.| [2023] and Lee| [2020]. Both papers find

®See |Sobel [2002] for an overview of the large literature regarding the concept of social capital. With
a related motivation, but very different analysis to ours, [Vega-Redondo| [2006] studies social capital in a
stochastically evolving network.

6MacLeod and Malcomson| [1998] and Board and Meyer-ter Vehn| [2015] contribute to the search literature
in the context of relational contracts.

"Sobell [1985] provides an earlier analysis of a related game.



that increased costs of separation result in higher levels of cooperation.

It is crucial to all of this research that an agent is involved in at most one relationship
at any given time. All of the equilibria that are studied by this literature use constructions
in which actions evolve in a non-trivial way throughout the course of a given relationship.
In a network setting in which an agent continues to form new relationships while maintain-
ing older relationships, these constructions have no natural analogueﬁ We focus instead on
a particularly simple and intuitive kind of behavior that we call consistent. A consistent
agent chooses to either perpetually defect or to perpetually cooperateﬂ Under this behav-
ior, optimal decisions regarding the formation and severance of relationships become easy
to describe, which allows us to precisely pin down the nature of the co-evolution of the net-
work and the behavior in recurrent interactions occurring on the network. In particular, a
relationship is severed when, and only when, a defection is observed. Such a norm is quite
natural: defection is not tolerated, and cooperation is met with the opportunity for future
interactions [

We characterize (perfect Bayesian) equilibria that exhibit a steady-state in which agents
take consistent actions on path. Perhaps surprisingly, it is relatively easy to achieve sequen-
tial rationality of consistent cooperation. Intuitively, agents cooperate in order to accumulate
more cooperative partners in the future. Perpetual cooperation is sequentially rational in
these equilibria because this incentive to attract more partners is robust to variation in
an agent’s current neighborhood. The condition that characterizes sequential rationality of
cooperation requires that the temptation payoff to defect be small enough relative to the
loss from being defected on. We demonstrate that the condition is relatively mild. Thus
consistent behavior can be self-enforcing when paired with the norm of severing a link when,
and only when, the partner defects.

We also examine behavior when this condition is not met. The only kind of profitable

deviation from the consistent strategy profile involves a cooperator defecting under a partic-

8In a very different framework, \Jackson et al.[[2012] also leverage the idea that cooperation can be enforced
through the use of multiple relationships, and so make a related connection to social capital. Levin| [2002]
and Board| [2011] investigate relational contracts between a principal and many agents engaged in a repeated
game.

9In a model where agents have only one partner at a time Fujiwara-Greve and Okuno-Fujiwara [2009]
examines strategy profiles that involve agents taking different strategies, similar to our roles of cooperation
and defection, and partially characterize equilibria with trust building via an evolutionary approach. In a
very different model, [Fosco and Mengel| [2011] support a mixture of cooperators and defectors by employing
dynamics based on imitation.

10The fact that defection results in the loss of one’s links can be viewed as a form of ostracism. |Ali and
Miller| [2016] show that ostracism, when temporary, can be used in a network setting to improve the amount
of cooperation that can be sustained through bilateral enforcement.



ular circumstance: when he has very little network capital, and therefore little to sacrifice
in terms of future links with cooperators. As the network becomes dense, such events be-
come increasingly rare and, as a result, these strategies form an e-equilibrium that generates
essentially the same level of cooperation that we characterize under consistent strategies.

To focus on the incentives that govern the level of cooperation, we first study a simplified
model in which agents are restricted to use consistent strategies, allowing us to completely
characterize steady-state equilibria. We find that the stage game payoffs have an important
impact on the sustainable level of cooperation. Under adverse conditions, no cooperation
can be sustained, even as players become perfectly patient. Otherwise, when agents are
patient enough, there is a unique maximal stable equilibrium that supports cooperation, and
it is such that either there is universal cooperation, or cooperators and defectors co-exist at
a specific ratio. In this sense we provide an explanation for which societies permit universal
cooperation, and which societies are necessarily subject to a fringe of cheating behavior. The
model allows for simple comparative statics on the equilibrium level of defection, providing
a first step towards assessing which kinds of policies can most effectively improve the welfare
of the system.

The way in which cooperators manage their relationships takes one of two forms. First,
it may be that they always accept new relationships when the opportunity arises. This case
obtains when the pool of agents searching for a match is sufficiently cooperative. Otherwise,
they accept new relationships only with some probability p < 1, thereby imposing a barrier
on society to obtaining connections with cooperators, resulting in a form of exclusivity. This
exclusivity implies that some agents will fail to find partners when given the opportunity
to match. It can thus be interpreted in terms of an endogenous friction operating on the
matching process. This friction is necessary to sustain lower levels of cooperation, which is
sometimes all that can be achieved. While exclusivity is costly to all agents, it is effective
because, under the right circumstances, it decreases the expected returns to defection relative
to the expected returns to cooperation.

The remainder of the paper is organized as follows. The model framework is presented
in Section [2 Section [3] characterizes steady-state equilibrium outcomes under consistent
strategies and compares the level of cooperation sustainable in our model with that in a
bilateral indefinitely repeated prisoner’s dilemma. Section [] shows that consistency is a
self-enforcing norm under the appropriate condition and describes outcomes that involve a
minimal failure of consistency. Section [b| concludes. Most proofs are relegated to the online
appendix available at https://wustl.box.com/s/mf19c4kdudgbwOiskl4pwfyk7lphsgf j.
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2 A model of strategic interactions in a social network

Our model involves a continuum of agents, which we associate with points from the unit
interval [0, 1]@ Time is discrete. In each round, each agent independently dies with a given
probability 1 — ¢, in which case it is replaced by a new agent. We speak of the age of an
agent 7, s(i), as the number of rounds since its birth, so that s(i) = 0 in the round when i
is born.

Agents interact repeatedly through an evolving directed network. Every agent is able
to sponsor a number K > 1 of connections to other agents. Agents are involved both
in relationships that they sponsor (outlinks) and also in relationships sponsored by others
(inlinks), resulting in a directed graph of interactionsF_?] When a connection is proposed,
the partner is chosen uniformly at random from the population, and the connection is then
accepted or rejected by the chosen partner. Once accepted, each connection persists to the
subsequent round unless one of the partners dies or chooses to sever the connection. When
a connection is broken, the agent who sponsored it, provided he survives, is able to re-match
with another agent, chosen uniformly at random, in the next round.

Strategic interactions are governed by a prisoner’s dilemma with the following payoff

matrix.

C D
c[ 1,1 |-bita
D | 14a-b| 0,0

Table 1: Payoff matrix

We take a,b > 0 and a — b < 1 so that, while mutual cooperation is the uniquely efficient

outcome, defection is strictly dominant. Each agent i chooses either action C' (cooperate)

11'We work with a continuum of agents so that players are “atomless”, i.e., no individual can unilaterally
affect aggregate behavior. This is a good approximation for large societies, as one then expects a player
to ignore the marginal effect of her behavior on aggregate play. Our model relies on discrete events in this
continuum space, such as selecting a random point or a random set of a fixed measure. See, e.g.,|Judd| [1985]
for a formalization of these notions.

12Notice that there is an implicit bound on the expected number of inlinks an agent will receive over the
course of her life, due to the fact that every inlink corresponds to the outlink of some other agent. The fact
that we explicitly bound the number of outlinks, while leaving the bound on inlinks implicit does not drive
the results. Similar results would obtain if one instead bounds the total number of (in- and out-) links an
agent is able to maintain.



or action D (defect) in each round s(7) of its life and receives a payoff equal to the sum of
the outcomes of the prisoner’s dilemma games played with each of his (in and out) partners,
according to the chosen actions of the two agents and the payoff matrix shown in Table 1.

Agents seek to maximize the present value of expected lifetime payoffs.

Each round proceeds according to the following order of events:

New agents are born.

Actions are privately chosen.

Outlinks are proposed to other agents.

Potential inlinks are accepted or rejected.

The prisoner’s dilemma games are played and payoffs are realized.

Agents sever any links that they choose to.

N T W

Death occurs.

2.1 Consistency

In order to gain traction on studying equilibrium outcomes, we begin the analysis by con-
sidering a setting in which agents optimize their strategies from among a restricted class of
simple intuitive behaviors. Namely, agents are assumed to be consistent in their choice of

cooperate (C') or defect (D) over the course of their lives.

PROPERTY 1 An agent is consistent if an action from {C, D} is chosen at birth (possibly
mizing), and at all future rounds, the agent takes the same action it played in the previous

round.

Consistency allows us to speak of society as being comprised of “cooperators” and “de-
fectors”, and has a number of implications for optimal play. In particular, optimal strategies
under this behavioral restriction can be completely described by a tuple in [0,1]? with the
interpretation that (p, ¢) specifies the probability ¢ that an agent chooses C' at birth and the
probability p with which each inlink is accepted in the event the agent becomes a coopera-
torE (Defectors, of course, have a dominant strategy to accept every inlink.)

Subject to consistency, the remaining optimal actions are straight-forward: if defection is

observed, the defector’s partner is unforgiving and severs the link; if cooperation is observed,

I3Because of anonymity, all proposed inlinks are ex ante equivalent from the perspective of the agent
receiving the proposal, so it is without loss to assume that a cooperator accepts each proposed inlink
independently with a certain probability p.



the cooperator’s partner is trusting and maintains the link (provided both agents survive).

We refer to such strategies as (p, q)-simple.

2.2 Simple Stationary Equilibria

We focus our analysis on symmetric strategies and steady state equilibria.

DEFINITION 1 (p,q) is a steady state if and only if (p,q) is a fized point of the dynamics
in which all agents play strategy (p, q).

Observe that all (p, ¢)-simple strategies played symmetrically have exactly one associated
steady state. Namely if all agents cooperate with probability ¢ on birth and cooperators
accept inlinks with probability p, then society will perpetually have proportion ¢ of agents
cooperating and p proportion of inlinks to cooperators will be accepted. Furthermore, in
each steady state associated with a (p, ¢)-simple strategy, the age distribution of cooperators
and defectors is the same. Let u;(p/, ¢|p, ¢) denote the expected continuation utility of agent
i of playing strategy (p/,¢') in the steady state associated with strategy (p,q) given that all

other agents continue playing (p, q). Our solution concept is then defined as follows.

DEFINITION 2 (p,q) is a Simple Stationary Equilibrium if and only if
(p, q) € argmaxu;(p, q'|p,q) for all agents i.
4

That is, (p,q) is a Simple Stationary Equilibrium (SSE) if and only if no agent has a
profitable deviation in the space of (p,q)-simple strategies. As observed previously, any
(p, q)-simple strategy, (p, 4), has a unique associated steady state. Our equilibrium concept
requires that, at its steady state, this strategy is (weakly) optimal for all agents. In order
for (p,q) to be an SSE, we must check three additional conditions. First we must show
that agents at birth want to become cooperators with probability ¢. This is related to
the expected lifetime utility of cooperating and defecting. Second, we must argue about
when a cooperator should accept a proposed inlink. This will be determined in part by the
probability that a proposed link comes from a cooperator. Notice that this probability is less
than ¢ in equilibrium since defectors lose their links at every period and have a dominant
strategy to propose all possible links, while cooperators generally maintain some links from
previous periods. Third, for any choice of p and ¢, we must confirm that it is indeed rational
for cooperators to send outlinks. We perform these calculations in Section [3| wherein we fully
characterize the set of SSE.



Consistency limits the complexity of strategic interactions in an important way. It pro-
hibits strategies that allow an agent to cooperate until a history with a certain property
is reached, and then defect. Even though consistency rules out many of the standard con-
structions that permit cooperation, such as elaborate punishment phases, it turns out to
be a significantly milder condition than it may first appear. We formalize this assertion
in Section [ but the intuition is as follows. If cooperation at a given round is part of an
optimal strategy, then it is because the increased access it provides to relationships tomor-
row is enough to forgo the temptation payoff. But if that is true today, then tomorrow the
same comparison is likely to hold true again as a cooperator expects to build their network
of social capital over time. To the extent that connection is valid, optimality of consistent
cooperation is not a much stronger requirement than the optimality of the initial act of co-
operation, implying the SSE is in fact a steady-state equilibrium of the larger strategy space

and generalized game.

3 Stationary outcomes under consistent behavior

In this section we characterize the set of SSE, i.e., the steady-state equilibrium outcomes
under an assumption that all agents use consistent strategies. We view these results as
interesting in their own right. Further, the subsequent section is devoted to showing that
these outcomes, exhibiting consistent behavior, to large extent constitute optimal on-path

play without any restrictions on strategies.

3.1 Expected Utilities

We begin by deriving the expected utilities associated with the (consistent) choices of coop-
eration and defection at an agent’s birth. These utilities depend on the model’s parameters,
(a,b,0). They depend as well on the proportion of cooperative agents in society, ¢, and the
rate of inlink acceptance by cooperators, p. Since we are interested in simple stationary
equilibria, we work under the assumption that the system is in steady-state and remains so
over the agent’s lifetime. The main task in computing expected utilities is to keep track of
the expected number of inlinks and outlinks between agents of different behaviors, C' and
D, as a function of age Define n{4(s) as the expected number of outlinks from an agent

of type X at age s to agents of type Y, X|Y € {C, D}. The expected number of links from

14See, e.g., Boylan! [1992] and |Alés-Ferrer| [1999] for foundations of matching processes justifying laws of
large numbers for continuous populations.

10



a cooperator of age s to other cooperators can be computed recursively according to
nee (s) = ongd (s — 1) + pg(K — dngé (s — 1)).

The first term retains the existing links with cooperators who remain alive, while the second
term takes all links from the previous period that were broken (due to death or new link
rejection) and re-matches them, obtaining a fraction ¢ of new cooperators, p of whom accept

the link. Setting n9%(—1) = 0 and solving produces

ut 1—(6(1—pq))*t!
ngd (s) = qu( R — ) :

The number of links from a cooperator of age s to defectors can then be computed according
to n2%(s) = (1—q)(K —dnZ%(s—1)), since each link that is proposed at age s matches with
a defector with probability 1 — ¢. For defectors the case is much simpler, as the property
of unforgiving behavior implies that age dependency is trivial. We have n9%(s) = pgK and
ngui(s) = (1 - g)K.

We turn now to the expected number of inlinks from both types of nodes as a function of
age. To do so, we first compute the number of inlinks an agent expects to receive from agents
of either behavior at each date. These are time-independent rates in steady-state, and from
them the evolution of inlinks is easy to derive. The probability that a randomly selected
node is age s is f(s) = (1 — §)d°. In steady-state, f(s) also defines the age distribution of
cooperators and the age distribution of defectors. Then, the expected number of proposed

inlinks an agent will receive from cooperators and defectors at each date are, respectively,

(1-20%
1 —6%(1—pq)’

re = qu(s (K —ond(s—1)) = qK

rp = (1—q)K.

Define nl% (s) as the expected number of inlinks an agent of type X at age s has from
agents of type Y, X, Y € {C, D}. For CC links, we have the recursive relationship

nce(s) = onco(s — 1) + pre-

11



Setting nl%,(—1) = 0 and solving produces

1— 6s+1

niw(s) = pre——5-

The remaining calculations are straightforward since they all involve defectors whose links
are re-set every period. We have nZ%,(s) = prp, nii,(s) = rp and nl3.(s) = rc.

Finally, we define the expected lifetime utility of consistently cooperating and consistently
defecting. To that end we compute the expected payoff at a particular age s by summing

the payoffs over the expected sets of connections. We have:

mo(s) = (n@d(s) +nge(s)) = b (néi(s) +ncp(s)) .

mp(s) = (L+a) (npe(s) +npels)) -

Expected normalized lifetime utilities are then simply ux = (1 —0)> .~ 0°7wx(s), X €
{C, D}. Simplifying the expressions and scaling by the factor 1/K delivers

2pq —b(1 — q)(1 +p — 6*(1 + p(1 — pq)))

o= 1= pa) | .
up = (1+a) (pq+q1_;2z15_pq))' (2)

We remark that ¢ plays two distinct roles in the model. First, it determines the turnover
rate at which agents enter and leave the system. Because of this, d has a direct effect on
the evolution of the system, holding fixed the behavior of all agents. It is in this role only
that 0 appears in our analysis until we come to the computation of uc and up. Second, ¢
affects the preferences of agents because it represents the effective discount factor. Thus for

any given system dynamics, ¢ influences optimal behavior.

3.2 Characterization of simple stationary equilibria

Each agent chooses at birth C' or D so as to maximize her expected lifetime utility. In
order to characterize optimal choices under consistent strategies, we must compare u¢c and
up as functions of (p,q) under given parameters of the model. It is convenient to define

V(p,q;a,b,0) = uc — up. We additionally define the cooperation region I':

I:={(p,q) €0,1*: V(p,q;a,b,6) > 0},

12



that is, the set of (p,q) pairs under which cooperation at birth is weakly optimal. The
boundary of this region then identifies (p, ¢) pairs under which agents at birth are indifferent
between perpetual cooperation and perpetual defection.

In steady-state, the expected value to a cooperator of a new relationship formed by

accepting an inlink proposal is proportional to

1 — 2

v —brp.

Using the expressions above, we conclude that v is non-negative if and only if

’= (13(1) (1—52(11—1?(1))' @)

Define p;(q) to be the unique value (if any) for which a cooperator is indifferent to accepting

or rejecting a proposed inlink when the population cooperation rate is q. That is, p:(q)

satisfies:

v(q, pi(q)) = 0.

We then define the inlink indifference curve ¢(q):

t(¢) := min{max{0, p:(q)}, 1}.

This curve represents the acceptance probability such that cooperators are indifferent to
accepting or rejecting additional inlinks truncated to p € [0, 1].

The following observations describe the various possibilities for SSE. First, notice that for
any choice of parameters, there exists an SSE with ¢ = 0, which we refer to as trivial. This
is true because when all agents defect, defection is strictly optimal, i.e., V(0,p;a,b,d) < 0.
For some parameters, this will in fact be the unique SSE, in which case it is not possible to
sustain cooperation.

Next, notice that at any SSE (p, ¢) where ¢ > 0 (there exist cooperators) it must be that
p > 0 (cooperators accept some inlinks). If the SSE is such that p < 1, then equation ({3
must hold with equality, so that cooperators are indifferent to the acceptance of inlinks.

If the SSE is such that ¢ = 1 (universal cooperation), then it must be that p = 1
(accepting inlinks is dominant). If the SSE involves an interior ¢, then it must be that V' = 0,
as entering agents must be indifferent between cooperation and defection. In this case, the
SSE might or might not involve an interior solution for p depending on the parameters.

We note that at any SSE with ¢ > 0, it must be that the expected value of an outlink

13



is strictly positive for cooperators, and so the specification that agents always search with
available outlinks does not bind optimal behavior. To see this, consider two cases. First,
when p = 1, the probability of a given outlink matching with a cooperator is ¢, which strictly
exceeds the probability that a given inlink comes from a cooperator, since cooperators search
less than defectors in steady-state. Thus the fact that an inlink has non-negative value at
such an SSE implies that an outlink has positive value. Second, when p < 1, it is generally
possible that outlinks have lower value than inlinks in steady-state, but not at an SSE steady-
state. Consider an SSE with 0 < p < 1, so that the value of an inlink is exactly zero. Since
also 0 < ¢ < 1, we have that uc = up > 0. As u¢ consists of the separable values of inlinks
and outlinks, the former of which is zero, it must be that outlinks have positive value.

The main result of this section establishes conditions on the existence and quantity of
nontrivial SSE. The autarky outcome (¢ = p = 0) constitutes a trivial SSE for all valid

parameters of the game.

Proposition 1 The following statements are true:

e All SSE are ordered, in the sense that if (p,q) and (p',q’) are two SSE with ¢ > q,
then p' > p, with strict inequality when p < 1.

e [n addition to the trivial outcome, there are generically either 0, 2, or 4 SSE.

We outline briefly the main arguments relevant to Proposition[I} By definition, nontrivial
SSE occur (i) at the intersections of ¢(¢) with the boundary of I" and (ii) at (p, ¢) = (1,1) when
(1,1) € I'. The proof proceeds by bounding the number and type of possible intersections
between I" and ¢(¢) through explicit consideration of the utility functions. One can show that
the boundary of I intersects any given horizontal line of the form p = x at most twice. This
means that, in particular, there can be at most two SSE with p = 1. Through a separate
argument using a change of variables we show that p;(¢q) can intersect the boundary of I" at
most twice, which in turn limits the number of interior equilibria to at most two. Examples
for different parameterizations are shown in Figure

Figure [1] depicts a representative set of examples for SSE configurations, computed nu-
merically. In each case, the red curve represents the boundary of I'; i.e., the steady-states
(p,q) for which uc = up, where in the interior uc > up, while the blue curve represents
t(q), i.e., the steady-states for which the value of inlinks is v = 0, constrained to p € [0, 1],
with steady-states below t(¢) having strictly positive value for inlinks (v > 0). Thus, SSE

occur at the intersections of the two regions or when (1,1) € T".
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6?

(i) (a,b,8) = (0.8,0.4,0.86) (ii) (a,b,8) = (0.6,0.96,0.96) (iii) (a,b,d) = (1.1,1.2,0.97)

(iv) (a,b,6) = (2.7,1.9,0.99) (v) (a,b,8) = (1.39,2.35,0.99)

Figure 1: Depiction of SSE in (¢, p) space. (i) Two SSE with p = 1 and ¢ < 1; (ii) One interior
SSE and one with full cooperation; (iii) Four SSE, two of which involve exclusivity (interior); (iv)
and (v) Two interior SSE. SSE occur at all intersections of I" and ¢(q). Stable SSE are circled.

3.3 Characterization of stable SSE

We are particularly interested in those SSE that are stable. Loosely, we call an SSE (p, q)
stable if the system returns to it after small perturbations away from (p,q), when it is the
case that agents apply optimal strategies at the observed perturbed values of p and ¢q. Our
primary motivation in considering stable SSE is to distinguish a certain type of inherently
unstable equilibria which, due to their instability, are not meaningfully predictive of system
state.

Important to our notion of stability is the observation that inlink acceptance p adjusts
(infinitely) faster than cooperate/defect actions ¢. This is driven by consistency which
allows only new entrants to choose ¢ while permitting incumbent cooperators to update p
throughout the course of their lives. We thus aim to evaluate incentives on cooperate/defect
decisions after inlink acceptance has equilibrated.

This leads us to evaluate cooperate/defect incentives at the perturbed steady-state (¢(¢'), ¢'),
as this is the unique steady state at ¢’ for which inlink decisions have equilibrated. For any

p > t(q) inlinks have negative value and for any p < t(¢) inlinks have positive value. This en-
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sures that any perturbation in ¢ to ¢’ yields a unique p’ = t(¢') and (¢(¢’), ¢’) is well-defined.
The proof of Proposition [2| then builds upon Proposition [I| by identifying intersections such
that ¢(¢ — €) is inside " and #(¢ + €) is outside I'. Examples are shown in Figure [1]

DEFINITION 3 A simple stationary equilibrium (p, q) is stable if there ezists € > 0 such that
(1) if ¢ <1, then for all ¢’ € (¢,q+¢€), uc(t(d),q) <up(t(q),qd), and
(i) if ¢ >0, then for all ¢ € (q —€,q), uc(t(¢),q') > up(t(¢), ).

We view stability as an important refinement in our setting and the main result of this
section establishes conditions on the stability of the SSE identified in Proposition [1}

Proposition 2 The following statements are true:
o [f there are 2 nontrivial SSE, the larger is stable and the smaller is unstable.

o [f there are 4 nontrivial SSF,

— the largest is stable and involves p = 1.
— the third largest is stable and involves p < 1.

— the second largest and smallest are unstable.

Proof. See online appendix. U

Figure [1] depicts a representative set of examples for SSE configurations, computed nu-
merically. In each case, the red curve represents the boundary of I" while the blue curve
represents t(q). SSE occur at the intersections of the two regions. Stable interior SSE re-
quire further that ¢(q) intersects the boundary of I' from within the region. Case (iii) is of
particular interest because these parameters generate two stable SSE. While such cases are
an interesting result, they obtain only for a small range of parameters and have a particularly
fragile, local stability. We focus our following analysis on the more cooperative stable SSE

in such cases.
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3.4 SSE for long-lived agents

The model allows for an explicit determination of the set of SSE for any parameters (a, b, §).
It is therefore possible to partition the parameter space into regions that map into the
different configurations of SSE described by Propositions [I] and 2. However, as such an
analysis is cumbersome, we instead present results for the limiting case in which players
become perfectly patient (i.e., long lived), which captures much, but not all, of the richness
of the model. We also leverage the simplicity of the limiting case to illustrate comparative

statics of SSE with respect to parameter changes.

Proposition 3 The following statements hold as 6 — 1.
There is a unique non-trivial (q > 0) stable SSE.

If a <1 then p=q =1 is the stable SSE.

If a > 1, then

e all SSE have g < 1
e [f(l1+a)/a<b<1+a the stable SSE has p < 1.

e Ifb< (1+a)/a the stable SSE has p = 1.

Proof. See online appendix. OJ

Proposition |3 formalizes a number of previous observations. Namely, there is a rich
set of qualitatively distinguished equilibrium outcomes, even in the limit as players become
completely patient. See Figure[2|for a representation. Indeed, even when players are perfectly
patient, full cooperation can be achieved only if the temptation payoff is small enough
(a < 1)E] The intuition for this bound comes from considering a world with full cooperation,
g = 1, and a high discount factor. In this case, a defector earns 1+ a per outlink per period,
and has vanishingly few inlinks, for a total of K(1 + a). A cooperator earns 1 from each
outlink per period, and also expects to build an asymptotically complete neighborhood well
before she dies, and in this case has as many inlinks as outlinks, for a total of 2K per period.
Thus if a > 1, full cooperation cannot be sustained.

When full cooperation cannot be sustained, it is still possible that partial cooperation can

be supported. In this case, i.e., when b < 1+ a, society consists of cooperators and defectors

15This result stands in contrast to much of the work on repeated prisoner’s dilemma with random matching,
in which the goal is almost always to construct equilibria that necessarily support full cooperation for patient
players.
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Stable SSE for 6>1

q=1
(All C)

1 142 a
Figure 2: The partition in (a, b)-space corresponding to qualitatively distinct stable SSE for § — 1.

co-existing at a specific ratio. To understand this bound, recall that g affects a cooperator’s
utility through two channels: (i) it determines how quickly, relative to the expected lifetime,
a cooperator builds up her social network, and (ii) it determines how frequently a cooperator
interacts with defectors. The first channel generally involves a non-linear interaction between
q and ¢, but as 6 — 1, a cooperator reaches its limit network very quickly, and so ¢ has an
effect only through the second channel. Specifically, an increase in ¢ increases a cooperator’s
utility at rate pb. Defectors, on the other hand, benefit from an increase in ¢ at rate p(1+a).
Stability of SSE requires precisely that a defector’s utility is more sensitive to the level of
cooperation than a cooperator, generating the threshold b =1 + a.

The possibility of co-existence of cooperation and defection allows for a novel description
of some real-world communities such as, perhaps, eBay, in which most transactions are
conducted in good faith but where one expects a fringe of cheaters. In our analysis, such an
outcome obtains when the temptation payoff, a, is high; patience is not necessarily enough
to overcome this effect.

Finally, when b > (1 + a)/a, the stable SSE requires exclusivity (p < 1). To understand
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this bound, recall that at an SSE with p € (0, 1), a cooperator gains zero value from inlinks,
and so total utility is captured by outlinks, which is equal to one per period for § — 1.
Defectors obtain (1 + a)pg. When cooperators accept all inlinks (p = 1), this means that
defection is preferred to cooperation for all ¢ > 1/(1 + a), so that any SSE with p = 1 must
involve a lower level of cooperation. On the other hand, the value of inlinks is increasing in
q, such that sufficiently low levels of cooperation are inconsistent with SSE. For § — 1, the
expected value from inlinks is easily calculated as 1 — bp(1 — ¢). For this to be non-negative
when cooperators accept all inlinks requires ¢ > 1—1/b. Thus, an SSE with p = 1 is possible
only when 1 —1/b < 1/(1 + a), as claimed.

We find exclusivity to be of particular interest, since the presence of cooperators is made
possible only when those cooperators limit their exposure to society. Clearly this is costly,
since some efficient relationships do not materialize. The idea behind exclusivity is the
following. If cooperators accepted all proposed links, defection would be relatively more
attractive, and so to balance the incentives between cooperating and defecting, the level of
cooperation would have to be relatively low. But at low levels of cooperation, the expected
value of an inlink to a cooperator is negative, and so cooperators would prefer to reject
proposed links, leading to a breakdown of the network. The only SSE therefore involve the
rejection of some proposed links. While this reduces the utility to all players, it also reduces
the relative incentive to defect, such that at strong enough levels of exclusivity, a positive
level of cooperation becomes consistent with players’ incentives.

We emphasize that exclusivity is important for sustaining low levels of cooperation. The
intuition is that when cooperators are relatively rare, to incentivize cooperation in such a
world one must penalize defection, and the rejection of inlinks by cooperators serves exactly
this purpose. For the special case of § — 1, the maximum level of cooperation at an SSE
with exclusivity is one half. That is, exclusivity is important to sustaining cooperation only
when cooperators constitute a minority of society.m

In the limit case it is easy to explicitly solve for the stable SSE values of (g, p), so that
we can make a few observations regarding the comparative statics of SSE outcomes as a

function of parameters.

Proposition 4 The following statements hold as 6 — 1.

e In the region where there exists a nontrivial stable SSE with p = 1, q is decreasing in

16To see this, it is easy to solve for the stable interior SSE to obtain ¢ = b/(1 + a + b). The largest value
of ¢ obtains when «a takes its smallest value of b — 1, as described above. Putting this together, we have that
qg<1/2.
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a and b.

e [n the region where there exists a nontrivial stable SSE with p < 1, p and q are de-

creasing in a, p is decreasing in b and q is increasing in b.

Proof. It is straightforward to compute the stable SSE values of (g, p) explicitly for 6 — 1,

obtaining the expressions in Figure[2 The conclusions are then immediate by inspection. O]

For stable SSE without exclusivity (p = 1), the level of cooperation ¢ behaves as expected,
such that increases in either a or b reduce the sustainable level of cooperation. On the
other hand, when cooperators are exclusive (p < 1), an increase in b actually increases the
sustainable level of cooperation. But it also lowers p, so that cooperators form fewer links.
It can be shown that the net impact on aggregate utility is negative.

All of the calculations upon which the limiting results rely are continuous in §. That is,
the boundaries depicted in Figure [2| shift continuously in ¢. It is thus immediate that the
bounds identified in Proposition [3| are approximately accurate for o near one. We have also
that the comparative statics in Proposition [4] are valid for § near one. Finally, it can be

shown that the stable SSE (p, q) are increasing in 4.

3.5 Comparison with bilateral Prisoner’s Dilemma

Consistent strategies invoke trusting and unforgiving behavior which provides the harshest
possible punishment for defection in our networked game. Hence the indefinitely repeated
bilateral Prisoner’s Dilemma (RPD), supported by grim trigger punishments, is a natural

benchmark for comparison. In the RPD with payoff matrix

C D
1,1 —b, 1+a
1+a, —b 0,0

T Q

grim trigger punishments sustain two canonical on-path patterns of cooperation, each gov-
erned by a distinct one-shot deviation constraint. Full cooperation every period is sustainable

if and only if
a

0 > O =
2 Ofull 1+a

Y
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and alternating “turn-taking”—cycling deterministically between (D, C') and (C, D)—is sus-

tainable if and only if
b

1+a
Both inequalities follow directly from the one—shot deviation principle under grim—trigger
punishments. |Stahl [1991, Prop. 1] derives the full-cooperation threshold and [Stahl [1991],

Prop. 4] identifies the threshold at which the alternating on—path outcome becomes sus-

o 2 5turn -

tainable; in our notation these are exactly the dgy and by identified above. |Sorin| [1986),
Props. 14-15; Fig. 1] identifies a similar result. In the knife-edge case a = b, the two
constraints coincide, yielding a single critical discount factorm

The resulting cooperation frontier of the RPD—that is, the maximal on-path cooperation

rate achievable at equilibrium—then takes the form

07 )< min{éturna 5full}7
qgl?;)]g)(5) = %7 5turn S ) < 6fu117

17 o 2 6full-

max

We use ¢i55 () as a benchmark when comparing to our networked PD. For a given pa-
rameterization (a, b), let ¢* (&) denote the highest cooperation level supported by a stable SSE
in our networked PD. Figure [3|plots ¢*(6) (blue) with ¢ (8) (red) for a set of representative
parameterizations.

In the bilateral RPD, maximal cooperation jumps discontinuously at the two critical
values Oiyrn and dgyg. In the networked PD there is likewise a critical threshold d,. above
which a stable SSE sustains positive cooperation. What happens at d,e depends on (a,b).
When b is large relative to a, the equilibrium can jump directly to full cooperation (Case 3).
Otherwise, cooperation enters at an interior level gy € (0,1/2)—as in Cases 1, 2, and 4—and
then increases continuously with J, reaching 1 as § — 1 if and only if @ < 1 (Proposition .
As b — 0, this entry level gy can be made arbitrarily close to zero (Case 4). Intuitively,
when the loss from being defected on is negligible, agents are willing to risk more defections
while searching for cooperative partners. At the opposite extreme, as a,b — oo, both the

networked and bilateral models require 6 — 1 to sustain any cooperation.

1"Full cooperation: deviating from C to D yields a one-period gain a and triggers (D, D) forever, so
a<6/(1—9),ie,d> 1. Turn-taking: on a C—turn, deviating to D avoids —b (gain b) but forfeits next
period’s scheduled D-turn payoff 1 + a under grim trigger, so b < §(1 4 a), i.e., § > 14%1
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Figure 3: Maximal cooperation (g) in the Networked PD and the bilateral RPD as a function
of the discount factor ().

This comparison highlights two distinctions. First, the RPD’s cooperation frontier is

governed by exactly two cutoffs—one for on-path alternation and one for full coopera-

tion—whereas the networked environment typically admits interior cooperation levels that

vary smoothly with patience. Second, because grim-trigger reversion in the bilateral game is

a harsher punishment than the link severance discipline available in the network, the RPD

supports cooperation at lower discount factors. This result is intuitive as the RPD allows

for punishments that can force the value of a defector below the outside option of ending

the relationship. Such punishments are not enforceable with voluntary separation.
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4 Consistency as self-enforcing behavior

Simple stationary equilibria are defined under the restriction that agents must apply strate-
gies that are consistent, which immediately implies the optimality of trusting and unforgiving
behavior. This can be thought of as an equilibrium that arises under a very natural social
norm, specifying how to behave in one’s relationships as well as how to manage these rela-
tionships, in the spirit of Ghosh and Ray| [1996].

In this section we dispense with the presumption of consistency and study optimal be-
havior in the absence of social norms that restrict strategies. In order to do so, we allow for
strategies that depend on an agent’s history and beliefs. Because such strategies can not be
characterized by a (p, q) pair, we necessarily adopt a more robust equilibrium concept. We
begin this section by formalizing these ideas. We then show, under an appropriate paramet-
ric condition, that consistent behavior is self-enforcing in the sense that it constitutes play
on an equilibrium path. In other words, behavior consistent with an SSE is also supported
at equilibrium in the unrestricted game.

We then address the converse and characterize the set of equilibria that exhibit consis-
tency on path. We show that in any equilibrium with consistent on-path strategies, the
fraction of cooperators in society and the fraction of relationships accepted by cooperators
must match those of an SSE. Finally, we analyze outcomes when our parametric condition
fails and SSE outcomes can not be supported at equilibrium. In such cases, we construct
an epsilon equilibrium with outcomes which approach stable SSE outcomes as the network

becomes sufficiently dense.

4.1 Histories and actions

The global history H in a given round consists of all information generated in the course of
the game that is payoff relevant to agents alive in that round. That is, for each living agent
and each round of that agent’s life, the global history records the cooperate/defect choices
of the agent and each of his partners and the linking decisions involving the agent including:
his proposed outlinks and whether they were accepted/rejected, inlinks proposed to him and
whether he accepted/rejected them, and links involving him that were severed and whether
this was because the corresponding partner died. Let H be the set of all possible global
histories.

The private history H; of an agent 7 at age s is a mapping from the global history H to

a masked version containing only the information acquired by 7 up to age s. In particular,
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i does not observe the identity of his relationship partners, just the cooperate/defect and
linking actions they have taken.

Let H; be the set of all potential private histories of ¢ at each age s and let H; = U;H?
be the set of all potential private histories.

The strategy of an agent 7 is a mapping from its private history to (a probability dis-
tribution over) actions. In each round, i takes three separate actions: (i) the choice of
cooperate or defect, (ii) the acceptance or rejection of proposed inlinks, and (iii) the sever-
ance or continuation of each active link. Let A$(H?) be the action set of agent i at age s
with history H;, A; = Upsens Aj(H;) denote the set of all history-dependent age-s action
setSH and A; = U, AJ denote the space of all action sets for i. A strategy for ¢ is a mapping
¢; : H; — A;, with the restriction that ¢;(H?) € A3(H?) for all Hf € H,.

When 7 chooses whether to cooperate or defect, and whether to accept or reject inlinks, he
has the information H ™", but he has not observed the cooperate/defect actions in the current
round. When ¢ makes the choice of severing active links, he has observed, additionally, the
cooperate/defect actions in the current round of each of his active partners, inlinks that
were proposed to him, and the accept/reject decisions on his outlinks if he proposed any. We
place the associated restrictions on strategies, so that actions depend only on the information
observed at each of these times within a round. Notice that, implicit in the construction of
strategies is the Markovian property that, while actions generally depend on the age of an

agent, they cannot be conditioned explicitly on time.

4.2 Equilibrium concept

We adopt a refinement of perfect Bayesian equilibrium (PBE) as our solution concept in this
unrestricted game. Roughly speaking, a PBE is a pair of strategy and belief for each agent
that is self-consistent. That is, at all valid histories, (1) an agent’s strategy should maximize
his expected utility given his belief when other agents follow their equilibrium strategies, (2)
the belief should be Bayes-consistent with his observations and with the belief that all agents
follow their equilibrium strategies, and (3) when faced with an unexpected (zero probability
under the belief) history, the agent’s belief should map to a limit point of beliefs under
a vanishing tremble probability on the equilibrium strategies. Our refinement additionally
requires that the beliefs of agents at birth be consistent with the limiting distribution of

global histories induced by the dynamics where all agents apply their equilibrium strategies.

18The action space is history dependent as links change over time.

24



We now describe this notion and our refinement in more detail, tailored to our setting.
Given any set S, we will write A(S) for the set of probability distributions over S. Note
that H; = H; for all agents 7 and j, i.e., the potential private histories are uniform across
the population. Denote this set by H*. A belief for agent i is a function 5; : H* — A(H)
that maps each observed history to a distribution over possible global histories. We focus
our analysis on strategy and belief profiles that are symmetric across agents, i.e., there is
some strategy ¢ and belief 5 such that ¢; = ¢ and 5; = 8 for all agents 1.

Given strategies ¢, ¢ and global history H, we write h?(¢}, H) € A(H*) for the distribu-
tion over all future histories that will be observed by agent ¢ when agent ¢ applies strategy
¢, and all other agents apply strategy ¢, starting from global history H. We extend h? to
accept a distribution over global histories in the natural way. Let u;(h?(¢, B(H?))) denote
the expected continuation utility of agent i, according to his beliefs. We then say that ¢ is
optimal given belief 3 if, for all H? € H*,

¢ € arg max{us(hy (¢}, BUH)))}-

That is, for every history H;, ¢ maximizes the expected utility of agent i given the
distribution S(H}) over global histories, under the assumption that other agents apply
strategy ¢. We also say that ¢ is d-approximate if for all HY € H*, ui(hf(qﬁ,ﬁ(Hf))) >
w;(h? (¢, B(H?))) — 6 for all alternative strategies ¢'.

Given a strategy ¢, belief 3(H; '), and the private observation h{ of agent i corresponding
to the current round s only, let P?(B3(H:™'), h?) be the distribution over global histories that
results after a single round of play of strategy ¢ starting from a history H ~ B(H;™') and
conditioned on agent ¢ observing h; in the current round. Note that this distribution is
well-defined: one can consider the probability of h{ given H and apply Bayes’ rule. We say
that 3 is consistent with strategy ¢ if, for all agents i, ages t(i) = s, private histories H: ™,

and current round observations h?,
BUHT) = PO(B(H;™"), h).

Observe that the requirement that 5 be consistent with strategy ¢ does not impose any
restrictions on beliefs upon observation of a history that is incompatible with ¢. Thus, if
this condition is taken to be sufficient for characterizing permissible equilibrium of beliefs,
we have the undesirable feature that beliefs and, hence, behavior, are not appropriately

restricted off the equilibrium path. This motivates us to require a form of perfection. Given
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an unexpected history H; that has zero probability under ¢, we shall require agents to place
belief in a minimal number of deviations from ¢ that yield a state consistent with H;. To
achieve this property formally, we require not only that 3 be consistent with the application
of strategy ¢ by all agents, but also that it maps to a limit point of beliefs under a vanishing
trembling probability on actions.

Given any strategy ¢ and any € > 0, the e-perturbation of ¢ is the strategy ¢° that,
independently for each action, follows ¢ with probability 1 — ¢, and with the remaining
probability chooses an action uniformly at random. We say that (8 is robustly consistent
with ¢ if it is consistent with ¢ and if there exists ¢ such that:

e for all € > 0, 5 is consistent with ¢¢, and
e lim. o ||8° — B||rv = 0 where || - ||7v denotes total variation distance.
We are now ready to formally define perfect Bayesian equilibria (PBE) in our setting.

DEFINITION 4 A pair (¢, 5) is a perfect Bayesian equilibrium if ¢ is optimal given B, and

B is robustly consistent with ¢.

Such a PBE always exists. For example, the strategy ¢ that maps every history to “always
defect”, together with the belief § that in the past everyone has always defected and re-
jected/severed all links, is a trivial PBE. Also, note that if ¢ is optimal given 3, and f is
robustly consistent with ¢, then (taking ¢ as in the definition of robust consistency) ¢ must
be d-approximately optimal for 8¢, where 6 — 0 as € — 0. Hence there is a natural notion
of approximate PBE in our setting, which we will use in subsection 4.5.

Equilibria as defined above do not explicitly restrict the beliefs of agents at birth. We
will focus on a refinement of PBE in which the beliefs at birth are required to be consistent
with the global history in the limit. More formally, given a strategy ¢, let a steady-state
distribution with respect to ¢, A®(H), be a distribution of global histories induced by a fixed
point of the dynamics in which all agents apply ¢ indefinitely. Note that some strategies may
have either zero or multiple fixed points. However, all (p, q)-simple strategies have exactly
one fixed point as shown in Section 2. This is sufficient for our purposes of analyzing the

survival of our SSE as equilibria of the unrestricted game. We can now define our refinement.

DEFINITION 5 A steady-state perfect Bayesian equilibrium is a perfect Bayesian equilibrium
(¢, B) such that beliefs at birth are a steady-state distribution with respect to ¢.
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Again, such an equilibrium always exists. For example, the equilibrium described in the
preceding paragraph is a steady-state PBE. Furthermore, we have shown in Section 3 that
the SSE derived from the consistency restricted game are optimal amongst (p,q)-simple
strategies. Therefore, they constitute steady-state PBE of the consistency-restricted game
when paired with appropriate beliefs. We know turn to deriving the conditions under which

(p, q¢)-simple behavior remains optimal amongst all history-dependent strategies.

4.3 Existence of consistent equilibria

We begin by establishing conditions under which consistent play can be implemented on the
path of an equilibrium. Before stating the result, we present the condition that is utilized,
which we call the consistency condition. It involves the strategy profile (p,q) as well as the
parameters (a,b, ). The consistency condition should thus be interpreted as a requirement

of a particular steady-state (p,q) under consideration.

DEFINITION 6 The consistency condition s

(1+0)(1 —pg) —bq(1 — p)

a0 >1-0%(1— pg). (4)

Since every (a,b,0) can be mapped into a unique maximal stable SSE (p, ¢) (or to the
trivial equilibrium), direct application of the consistency condition will verify whether or not
any given set of parameters (a, b, §) permits consistency of cooperation at its SSE. Moreover,
we claim that the consistency condition is relatively mild, in the sense that it is not a much
more demanding requirement than the sustainability of any level of cooperation. In this
sense, even though the consistency condition is tight, it is a relatively weak requirement.

The following result quantifies this assertion, by providing sufficient conditions under which

will hold.

Proposition 5 The following statements are each (individually) sufficient for the consis-

tency condition to hold.
e (p,q) is an interior SSE for (a,b,9), i.e., (p,q) € (0,1)?
e p=qg=1

ep=1landb>a
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Proof. See online appendix. 0

Notice in particular that if the stage game is supermodular (b > ) then all stable SSE
satisfy the consistency condition. Since the consistency condition is sufficient for consistent
play to be implementable on the path of an equilibrium (as we will show below), this verifies
that under supermodularity, all of the SSE described by Proposition [2| survive as equilibria
in which consistent, trusting, and unforgiving behavior is self-enforcing.

We now turn to showing that every SSE (p,q) that satisfies the consistency condition
can also arise as an equilibrium outcome of the unrestricted game. On the equilibrium path,
agents behave in a way that conforms with the norms of being consistent, trusting, and
unforgiving. Each agent applies a strategy that, at every history, maximizes his expected
continuation utility given his beliefs about the state of the system. In turn, these beliefs are
consistent with the strategy being employed (recall our focus on symmetric equilibria) and

the agent’s history.

THEOREM 1 Suppose that (p,q) € [0,1]? is an SSE at which the consistency condition is
satisfied. Then there is an equilibrium in which all agents apply actions that are consistent,
trusting, and unforgiving on the equilibrium path. Moreover, under this strateqy q is a sta-
tionary level of cooperation and p is a stationary level of inlink acceptance by cooperating

agents.

Proof. See online appendix. 0J

We prove the result in three parts. First, we show that trusting and unforgiving behavior
is always a best response to consistent behavior. Second, we prove a technical lemma: in
an SSE, for a cooperator with at least one link, it is strictly more profitable to continue
cooperating than to defect and re-enter the market as a cooperator. It is here that we use
the consistency condition, on which this lemma crucially depends. Finally, we complete
the proof of Theorem [I| by showing that the existence of a profitable deviation away from
consistent behavior must imply the existence of a profitable deviation in which an otherwise

consistent cooperator defects exactly once.

4.4 Characterizing Consistent Equilibria

We have argued that when the consistency condition is satisfied, SSE outcomes are supported
as on path behavior of an equilibrium without any presumption of consistency (Theorem .

We next consider the converse: are these the only equilibria with consistent behavior on
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path? As it turns out, the answer is yes, regardless of whether the consistency condition

holds.

THEOREM 2 Suppose that there is an equilibrium such that, on path, all agents apply actions
that are consistent, trusting, and unforgiving. Moreover, suppose that at this equilibrium q is
a stationary level of cooperation and p is a stationary level of inlink acceptance by cooperating

agents. Then (p,q) is an SSE.

Proof.

We can assume that ¢ > 0, as otherwise the equilibrium is necessarily the all-defect
equilibrium which is also an SSE. Suppose (p, ¢) is not an SSE. Then there is a profitable
deviation within the context of strategies constrained to being consistent. We will use this to
construct a deviation within the game that does not presuppose consistent play. Suppose the
profitable deviation is to (p/, ¢’) # (p, q). Consider then the strategy that selects cooperation
at birth with probability ¢, is trusting and unforgiving, plays consistently thereafter, and
subject to selecting cooperation accepts each inlink independently with probability p’. Since
q > 0, this play remains on path for all other agents, and therefore (by assumption) all other
agents will play in a manner consistent with the SSE (p,q). We conclude that the utility
enjoyed by the deviating strategy is precisely the utility in the game that imposes consistent

play, and is therefore a profitable deviation within the unconstrained game. O

4.5 Inconsistent behavior

We have argued that when the consistency condition is satisfied, SSE outcomes are supported
as on path behavior of an equilibrium without any presumption of consistency (Theorem [1)).
We now take up the task of analyzing behavior when the consistency condition fails.

To understand this behavior we first emphasize that the main mechanism at work in the
model is the formation of social capital: valuable relationships with cooperating agents that
take time to accumulate. In this regard, outlinks and inlinks are distinguished by the fact
that inlinks, if severed, are entirely unreplaceable. If there is a temptation to defect, the
temptation is driven more by exploiting one’s out-neighbors, since those links can be recast
at the next period.

There are several possibilities for how incentives relate to the combination of inlinks
and outlinks an agent has. Consider how an agent would behave in isolation with a given

partner. First, it may be that an agent prefers to defect on an in-neighbor. If that is true
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he prefers to defect on all of his (in- and out-) neighbors and no SSE can support any level
of cooperation. Second, it could be that an agent prefers to cooperate with an out-neighbor.
In that case he would in fact prefer to cooperate with all of his (in- and out-) neighbors and
consistent cooperation is sequentially rational. This is exactly the situation identified by the
consistency condition.

The final possibility is that there is a tension between behavior with in- and out-neighbors,
such that an agent would prefer to defect on an out-neighbor but cooperate with an in-
neighbor. In this situation, optimal behavior is dictated by the relative number of inlinks

and outlinks with cooperators. We formalize this intuition as follows.

Proposition 6 Consider an SSE (p, q) with ¢ > 0. A cooperator has a profitable inconsistent

deviation if and only if

1—pg+(1—g)b
1—6%(1 - pg)

ko |(1+a)(1 —pg) — > ki

1
m—(ﬂra}]. (5)

Proof. See online appendix. O

Recall that Theorem [I| shows that an SSE at which the consistency condition is satis-
fied supports consistent cooperation in equilibrium. Proposition [6] demonstrates that the
consistency condition is tight, in the sense that at an SSE where the consistency condition
fails, with positive probability a cooperator reaches a history at which he has a profitable
deviation [

Our last result is relevant for SSE at which the consistency condition fails. By Proposi-
tion [B], this is possible only when ¢ < 1, p =1 and b < a. Proposition [0 suggests that the
optimal play in an SSE at which the consistency condition is violated has a “bank robbing”
flavor, in the sense that one begins life by cooperating and attempting to accumulate rela-
tionships, and continues to cooperate until such a time that there is little social capital to lose
by defecting, and effectively starting the process again. We formalize this intuition in Propo-
sition [7] below, by showing that such a bank-robbing strategy constitutes an e-equilibrium
when the consistency condition fails. This e-equilibrium is such that as the network becomes
dense, € can be taken arbitrarily small, play becomes nearly consistent, and the associated
steady state approaches that of the SSEE

19To see this, note that with positive probability x; = 0 and ko > 0, in which case the failure of the
consistency condition means that the left hand side of is strictly positive.

20The e-best response is defined relative to the utility functions in equations and , in which we
normalize payoffs per-period and per-link.
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Proposition 7 Take (a,b,0) such that there exists a stable SSE (p,q) with ¢ < 1, p =1
and b < a. For every ¢ > 0, there exists a K such that for all K > K, there exists an
e-equilibrium with a stationary level of (p/,q') with p' =1 and |q — ¢'| < €.

Proof. See online appendix. 0

This result establishes that, even in the case where the consistency condition fails, our
description of SSE survives as a reasonable description of equilibrium behavior. The con-
struction uses a bank robbing strategy as suggested by Proposition [6] The main idea is the
following. Deviations from consistent cooperation are optimal only at unexpected histories
such that the number of inlinks from cooperators is lower than anticipated. As the net-
work becomes dense, such histories are reached with vanishing probability. Thus optimal
play becomes approximately consistent. This implies that the utility calculations that rely
on simple strategies are approximately valid, and thus that the bank robbing strategy is

approximately optimal when all players use it.

5 Conclusion

We have developed a model of interactions for a large anonymous community with turnover,
in which agents are interconnected via an endogenously evolving network. The class of
simple strategies that involve consistency of choices over time provides the foundation for
our analysis. With consistent behavior, the social norm of ostracism is required in equilib-
rium, whereby agents refuse to maintain connections with those who defect. We view this
form of ostracism as capturing an empirically relevant phenomenon that is used to support
cooperative behavior.

Under consistent strategies, we fully characterize stationary equilibria. Universal coop-
eration is sustainable for a non-trivial range of parameters, but not always. In particular,
it requires not only that agents are sufficiently long-lived (i.e., patient), but also that the
temptation payoff for defecting not be too large. When these conditions are not both met,
the presence of some level of non-cooperative behavior is unavoidable.

We believe this captures an important feature of a number of applications for which a
fringe of exploitative behavior is observed. Our analysis offers new insights into thinking
about how much cooperation can be sustained as a function of the underlying parameters of
the system. When defection persists, we can address through comparative statics what kinds

of policies increase the level of cooperation, and the total welfare of the system, whereas
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most related work falls either into the category of constructing equilibria for which full
cooperation is sustainable, or else analyzes models in which some form of inefficiency is
inevitable. In a sense, our framework allows for a more balanced description of the achievable
level of cooperation in a society. This characterization is specifically due to the novel tradeoff
in our model: that between the immediate gains to defection and the long-run benefit of
accumulating social capital in the form of sustained relationships with cooperators.

When full cooperation does not obtain, the presence of defectors causes relationships
between cooperators to be a scarce and valuable resource, which we identify as a form
of social capital. The model provides for the possibility of a form of exclusivity to arise
endogenously, in which cooperative players only occasionally agree to form new relationships
with strangers. This exclusivity comes at a net welfare loss to society, but is necessary to
incentivize cooperative behavior, as it slows down the rate at which cooperating partners
can be found, thereby strengthening the penalty of ostracism due to defecting.

As it turns out, the characterization of equilibria under consistent strategies says a lot
about equilibrium outcomes in which inconsistent behavior is allowed. In other words, the
simple behavior we focus on can be self-enforcing, a finding that is not obvious a priori.
In particular, under the appropriate condition, every simple stationary equilibrium has a
corresponding equilibrium that supports consistent behavior on the equilibrium path. The
condition, which is satisfied for many parameter values, requires that the returns to links
with cooperators are higher for cooperators than for defectors, so that persistent cooperation
is sequentially rational. Finally, we show that when this consistency condition fails, a “rob
the bank” strategy, in which a cooperator deviates when he has a sufficiently low level of
social capital, forms an epsilon equilibrium when players are patient and can maintain many
links.

We have made some of the modeling choices to emphasize the point that it is possible to
maintain cooperation even under unfavorable conditions. For example, one could imagine
that new partners are found both at random, as we have modeled, and by searching the
neighbors of current partners, as in|Jackson and Rogers| [2007]. This would allow cooperators
to preferentially find other cooperators more quickly, and would tilt incentives in favor of
cooperation. It would also bring the degree distribution closer in line with the empirical
observation that social networks tend to exhibit heavy tails. One could also imagine that
agents are not fully anonymous. This generally allows harsher punishments for defection,
thereby increasing the scope for cooperation.

We hope that the central elements in our framework will prove useful in further research.
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In particular, the combination of a random matching process and endogenous link choices,
in tandem with strategic actions taken with one’s partners, is capable of describing impor-
tant elements of other social phenomena. For example, |Pin and Rogers [2015] use such a
framework to study immigration dynamics in a nation.

We conclude with a remark about welfare. While we have not provided a complete
characterization of equilibria in our framework, there is reason to conjecture that the simple
consistent equilibria that we identify generate maximal welfare among all equilibria.

By Theorem 2 any equilibrium with more cooperation than in an SSE must involve
inconsistent play. The possibility of inconsistent play lowers the value of mutually cooperative
partnerships. Inconsistent play may also require departures from trusting and unforgiving
behavior which similarly lower the expected duration (and value) of mutually cooperative
relationships and increase the expected value of defection respectively. The conjecture is

difficult to prove with our techniques as, in general, equilibria may not entail a steady-state.
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